Motivated by the experiments [Santamaria et al., Neuron 52, 635 (2006)] that indicated the possibility of subdiffusive transport of molecules along dendrites of cerebellar Purkinje cells, we develop a mesoscopic model for transport and chemical reactions of particles in spiny dendrites. The communication between spines and a parent dendrite is described by a non-Markovian random process and, as a result, the overall movement of particles can be subdiffusive. A system of integrodifferential equations is derived for the particles densities in dendrites and spines. This system involves the spine-dendrite interaction term which describes the memory effects and nonlocality in space. We consider the impact of power-law waiting time distributions on the transport of biochemical signals and mechanism of the accumulation of plasticity-inducing signals inside spines. Dendritic spines are essential elements of most brain regions because they form a surface for receiving synaptic inputs. For the Purkinje cells of the cerebellar cortex, over 90% of their excitatory synapses are located on dendritic spines. They are believed to play a very important role in regulating neuronal activity [1] [2] [3] . The heads of spines have an active membrane; therefore, the spiny dendrites can sustain the propagation of an action potential. The propagation rate depends on the spatial distribution of spines along dendrites. Much theoretical work has been devoted to studying the interaction of spines with dendrites on the macroscopic level. Baer and Rinzel [4] proposed a cable theory for excitable spiny dendrites and found that the spread of local excitation strongly depends on a spinestem resistance. There are many extensions of this work that take into account the dynamic structure of spines and their changes in response to synaptic activity [5] . Coombes and Bressloff suggested the simplified version of classical theory based on FitzHugh-Nagumo model [6] . Note that these cable models are phenomenological and not derived from the transport and biochemical reactions equations for ions in spiny dendrites. In recent years, the development of confocal microscopies and other techniques allow one to study the transport and biochemical reactions on the microscopic level of a single spine and a parent dendrite [7] [8] [9] . There are several models for the particle transport and chemical reactions inside biological microdomains [10] [11] [12] [13] . Santamaria et al. [14] found recently that the transport of biologically inert particles (fluorescein dextran) in spiny dendrites is very slow in comparison to the standard diffusion. The mean-square displacement is hx 2 ðtÞi $ t with < 1 [15, 16] . The authors suggested that the main reason for this anomalous diffusion is that the dendritic spines act as the traps of particles. Henry et al. [17] addressed this problem by proposing a cable model derived from fractional Nernst-Planck equations. Whereas many studies have been devoted to the coupling between spines and dendrites, they are either phenomenological cable theories or microscopic models for a single spine and parent dendrite. To the authors knowledge, there are still no mesoscopic models for the transport and biochemical reactions inside the population of spines and dendrites. We stress that abnormalities in dendritic spine populations (e.g., decreased spine density) may result in cognitive disorders such as autism, mental retardation, and fragile X syndrome [2] .
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The purpose of this Letter is to set up a mesoscopic model for the transport of particles inside a single spiny dendrite and chemical reaction in spines. Morphology of spiny dendrites is very complex: the distances between the spines, their sizes, and their shapes are randomly distributed [1, 18] . Our model allows us to deal with morphological diversity of dendritic spines through the transparent formalism of waiting time distributions. We adopt the following stochastic model. Inside a dendrite with the uniform surface spine density s , a particle performs a Brownian motion with constant drift v along dendrite and a diffusion coefficient D. This particle can describe movement of an overdamped ion under the action of an electrical field E such that v ¼ E, where is the ion mobility. After a random time d distributed by the probability density function (PDF) c 1 ðÞ the particle hits the neck of spine on the surface of dendrite. Then it is trapped inside the spine for a random time s . The PDF for the dwelling time s is c 2 ðÞ. During this time irreversible chemical reaction C! C b takes place, where is the rate of removing particles by buffers and pumps inside spines. After the random time s , the particle is released to the parent dendrite through spine neck again. The experimental evidence indicates that spine necks act as a transport barrier. The measurements of the Ca 2þ flux out of spines show that spine necks slow down the transport of ions up to a factor 10 2 compared with free diffusion [8] . For these reasons we suggest a power-law distribution for the dwelling time PDF c 2 ðÞ, which also accounts for heteroge-neous spine-dendrite transport coupling [9] . Note that calcium dynamics inside spines is a very complex process regulated by endogenous Ca 2þ buffers, IP 3 -mediated calcium release from intracellular stores, pumps on the spine membrane, etc. [8] . These factors also contribute to the effective dwelling time s . The PDF c 1 ðÞ for the random time d can be found from the escape problem for a diffusion in bounded domain with absorbing sites (spines) on the surface [10] . If a cylindrical dendrite of length L and radius R has just one spine with neck radius a ( R, then the survival probability R [14] . Because of rather general character of our model, it is not confined to the spiny dendrites, but it also allows us to address the general issues of the transport and reactions in fractals, porous media and disordered systems such as nanochannel materials [19] , biofilms [20] , etc.
The main quantities of interest in this Letter are the density of particles, n 1 ¼ n 1 ðx; tÞ, inside a single dendrite and the density of particles, n 2 ¼ n 2 ðx; tÞ inside a single spine, where x is the distance along a dendrite. Let us derive the balance equations for n 1 and n 2 by using the stochastic model for a single particle proposed above. Let n 0 1 and n 0 2 be the initial densities of particles in dendrite and spine. If j 1 ðx; tÞ denotes the number of particles arriving at point x in a dendrite at time t through a single spine stem and j 2 ðx; tÞ is the number of particles arriving at point x in a single spine at time t (see Fig. 1 ), the balance equation for the densities n 1 and n 2 can be written as follows:
For a dendrite
For a single spine
(2) Here we introduce the expectation operator E x;t :
where pðx; tjzÞ is the probability density function for a particle which starts at point z in a dendrite and ends up at point x at time t. Equation (1) gives the density of particles at point x in a dendrite at time t as a sum of two terms. The first term É 1 ðtÞE x;t ½n 0 1 is the contribution of those particles that are initially located inside the dendrite and diffuse along it from t ¼ 0 up to time t without moving into spines. The second term represents those particles that arrived in the dendrite from spines at point z at time t (5) The first term in (4) is the number of particles initially located in spine that arrive at dendrite at time t due to the transport through spine neck. The second term represents those particles that arrived at spines at point x at time t À u, spent time u before moving into dendrite at time t. In (5) the same balance of particles is applied, but we take into account the motion of particles along the dendrite. Note that all balance equations are valid in a nonlinear case when the electric field E is induced by a membrane potential which depends on ions concentrations. This can be included into the PDF p. In what follows we consider v ¼ const: For this linear problem, one can obtain an explicit expression for PDF pðx; tjzÞ ¼ ð4DtÞ À1=2 exp½Àðx À z À vtÞ 2 =4Dt:
By using the Fourier-Laplace transforms ðx; tÞ ! ðq; sÞ, one can find from the balance Eqs. (1)- (5) 
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with the spine-dendrite interaction term
where the Laplace transforms of kernels areã i ðsÞ 1 c i ðsÞ=É i ðsÞ, i ¼ 1, 2. The symbolf indicates the Laplace transform of f. Note that our model involves two equations for freely moving particles and particles trapped in the spines whereas the standard CTRW model describes the trapping property as a temporal memory in the moving particles. The derivation of nonstandard spinedendrite interaction term (9) is one of the main result of this Letter. J½n 1 ; n 2 is the number of particles per unit time flowing between the dendrite and a single spine. The first term in the right-hand side of (9) describes the flux of particles from a single spine through spine neck into a parent dendrite and the second term gives the flux of particles from dendrite into spine. The spines-dendrite coupling is crucial for the propagation of action potential along spiny dendrites since there is no direct communication between neighboring spines. It turns out that this interaction is far from trivial and cannot be easily found by using phenomenological approach. In general both terms in are nonlocal in time. One can see from (9) that the effective memory kernel in the first term depends on chemical reaction in spines with decay rate . The second term of (9) is nonlocal in space. Note that this effect is not due to the long-range jumps of particles inside the dendrite. This nonlocal behavior may lead to anomalous transport of particles in dendrites (see below). The main conclusion is that there is no separation of transport and chemical reactions from interaction between spines and dendrite in general case (see similar phenomenon in [21] [22] [23] [24] ). It happens only in a simple Markovian case. If the probability density functions c 1 ðtÞ and c 2 ðtÞ are exponential with the rates 1 ¼ h d i À1 and 2 ¼ h s i À1 , then the memory kernels a i ðtÞ are delta functions and the system (7) and (8) takes the form of standard reaction-diffusion equations with the interaction term
where
This Markovian model corresponds to the phenomenological approach for spine-dendrite interaction [12] . Consider now the non-Markovian case when both waiting time PDFs c i are gamma distributions c i ðtÞ ¼ [14] , i.e., hx 2 ðtÞi $ t , where 0 < < 1. Let us show that our model also predicts this subdiffusive behavior. Consider the case when there is no binding reaction inside the spines: ¼ 0. For simplicity we assume that waiting time PDF for dendrite c 1 ðtÞ is exponential. On the basis of the experimental evidence, we suggest a power-law distribution for the waiting time density c 2 ðtÞ $ ðt=Þ À1À as t ! 1, which in the Laplace space isc 2 ðsÞ ¼ ð1 þ ðsÞ Þ À1 [15, 16] . The Laplace transform of the mean squared displacement is hx
dq 2 ð0; sÞ; here nðq; sÞ ¼ n 1 ðq; sÞ þ l n 2 ðq; sÞ is the Laplace-Fourier transform of the total density of particles.
One can obtain from (1)- (5) nðq; sÞ ¼ n 
as t ! 1. In the Markovian case with PDFs c i ðtÞ ¼ i expðÀ i tÞ, one can find the standard hx 2 ðtÞi ' D eq t, where the effective diffusivity D eq ¼ D 2 ð 1 þ 2 Þ À1 . In the anomalous case (12) the effective diffusion coefficient tends to zero. Note that the authors in [14] measured the mean-square displacement (MSD) as ensemble average. It has been found recently [25] that the time averaged MSD is different from ensemble averaged MSD for subdiffusion. This is a clear indication of ergodicity breaking which is closely related to the aging property of the CTRW with power-law waiting times.
Kinetics of particles decay in spiny dendrites.-While anomalous switching slows down the transport of particles in dendrites (12) , it leads to a high rate of particles' decay compared to the Markovian case. This is illustrated in Fig. 2 where we compared the decay of particles in an anomalous case ( ¼ 0:1) with that in the non-Markovian case (gamma distribution) and standard Markovian case ( ¼ 1). One can see that the decrease of diffusion of particles towards the parent dendrite (decrease of the ex- [14] . The decay of n 2 is also illustrated in Fig. 2 showing that transport equilibration is slow. This is very important for the accumulation of plasticity-inducing signals inside spines [9] . The phenomenological model for spinedendrite interaction assumes that the ion current I passing through the spine necks is proportional to the current voltage difference between the spines and dendrite . Our findings demonstrate that particles flux through the spine's neck is nonlocal in time and space [see (9) ]. In general, the ion current I½' 1 ; ' 2 ¼ R R t 0 Gðz; uÞð' 1 À ' 2 Þ du dz, where the kernel Gðz; uÞ has to be determined. Note that Henry et al. [17] used the spine-dendrite ion current with the Riemann-Liouville fractional derivative operator instead of local Ohm's law.
In summary, we have developed the mesoscopic model for transport and reactions of particles inside spiny dendrites. The main feature of our model is that the spinedendrite interaction has been described by a nonMarkovian random process giving rise to a flux of particles between the dendrite and spines that is nonlocal in space and time (memory effects). This allows us to explain two important effects observed in experiments [14] : (i) a subdiffusive transport of inert molecules along spiny dendrites and (ii) limited diffusion of a second messenger (Ca 2þ ) due to fast effective decay of particles inside spines. Because of the non-Markovian character of spine-dendrite interaction, a significant delay of diffusional equilibration between spines and dendrites takes place. As a result, the local rises in concentration of biochemical signals generated by synaptic activation may lead to accumulation of plasticityinducing signals inside spines [9] . This is important for understanding the mechanisms of synaptic plasticity which underlie learning and memory. 
